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Turbine Blade Heat Transfer Prediction in Flow Transition
Using k-w Two-Equation Model

R.-J. Yang* and W.-J. Luot
National Cheng Kung University, Tainan, Taiwan 701, Republic of China

The proper design of a turbine blade has an important effect on engine performance and efficiency.
The thermal design of a turbine blade is also greatly influenced by the flow transition phenomena of the
boundary layer. Transition in turbine flowfields is a complex process and is influenced by the Reynolds
number, pressure gradient, geometry, and freestream turbulence, etc. In this study, a k-o> turbulence
model is used to investigate the flow transition as well as problems concerned with heat transfer. The
model predicts well the transition point and the associated transitional heat transfer coefficients for flat
plate flows. With a suitable surface curvature correction to closure coefficients of the model, reasonable
heat transfer predictions in flow transition are simulated for turbine blade flows.

Nomenclature
L = characteristic length scale
P = static pressure
Re = Reynolds number, UxL/v
Rp, Rk, RU = closure coefficients in viscous damping

functions
Ux = characteristic velocity scale
HI = Cartesian velocity components
a, a* = closure coefficients
a0, a$ = closure coefficients in viscous damping

functions
/3, /3* = closure coefficients
y = specific heat ratio
p = mass density
cr, cr* = closure coefficients
Tjj = Reynolds stress tensor
v = kinematic molecular viscosity, /x/p

I. Introduction

A N important factor in the overall design of advanced
gas turbine engines for propulsion technology focuses

upon the flow in and about turbine blade passages. These
components are the source of aerodynamic loads and losses
that can control the overall machine efficiency and may be
subject to extreme heat transfer problems. Improper esti-
mates of loss coefficients may lead to inaccurate predictions
of engine performance. Improper estimates of heat transfer
rates may lead to poor component life and even catastrophic
failure of components. One of the most significant factors
affecting the accurate prediction in loss and heat transfer is
boundary-layer transition. Transition phenomena from lam-
inar to turbulent flow may be classified in two categories:

1) Natural transition. In a low freestream turbulence en-
vironment, the transition is caused by the amplification of
Tollmien-Schlichting waves. The evolution of these waves
leads to the development of three-dimensional unstable
flows and eventual breakdown. Turbulent spots are pro-
duced following the breakdown of the waves, which are
precursors of the fully turbulent boundary layer.
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2) Bypass transition. In a high freestream turbulence en-
vironment, without the process of the two-dimensional
Tollmien-Schlichting waves and three-dimensional unsta-
ble flows in natural transition, turbulent spots are formed
directly in the boundary layer. In other words, the flow tran-
sition is because of the transport of turbulence from the
freestream to the boundary layer, rather than from the am-
plification of Tollmien-Schlichting waves. Boundary-layer
transition in turbine blades belongs to the second category.
Theoretically, such a phenomenon can be simulated by di-
rect numerical simulation (DNS). Because of the fact that
immense grid points and computational time are required,
it is not possible to apply the DNS to the current engineering
analysis. To analyze engineering problems economically, we
propose using physical modeling to study the transition phe-
nomena.

Remarkable progress has been made in computational
fluid dynamic (CFD) technology. Many researchers have de-
veloped efficient programs to calculate pressure distribu-
tions on turbine blades.1"6 Nevertheless, owing to a lack of
reliable transition models, such simulations almost neglect
the boundary-layer transition. Effects of heat transfer are
rarely taken into account. The often-used Baldwin-Lomax
and k-s models are employed to simulate fully turbulent
flows. Some researchers have also tried to adopt these mod-
els to explore boundary-layer transition. For instance, Dor-
ney and Davis1 and Boyle7 used the Baldwin-Lomax model
to probe boundary-layer transition. However, the location of
the transition point must be specified in advance. Not re-
quiring the onset point to be known a priori, the k-s model
is adopted to study the transition phenomena by Schmidt
and Patankar8 and Yang et al.,5 and yet modifications to the
model are required.

Recently, Wilcox9 has made a detailed analysis and com-
parison between the k-s and k-co models. In his calculations
for 16 flows, he concludes that the k-a> model performs more
accurately than the k-s model. This is especially true for
adverse pressure gradient flows. The k-a) model is rarely
used to study boundary-layer transition phenomena for tur-
bine blade flows. In this study, we solve the Navier-Stokes
equations and k-co model numerically to investigate turbine
cascade flows as well as making comparisons between the
results obtained by k-co and Baldwin-Lomax models. The
objectives are to study boundary-layer transition phenom-
ena, and to make the physical modeling become a practical
means for predicting aerodynamic losses and heat transfer
accurately.
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II. Theoretical Analysis
A. Governing Equations

After taking Favre-averaging, the two-dimensional com-
pressible Navier-Stokes equation can be written as follows.

Continuity equation:
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The quantity ReT is the turbulence Reynolds number defined
by

ReT =

B. Boundary Conditions

1, Boundary Conditions of the Two-Dimensional
Navier— Stokes Equations

For subsonic flow conditions, characteristic analysis requires
three inflow quantities and one outflow quantity to be speci-
fied. Currently, the total pressure, the Riemann invariant cor-
responding to the right running characteristic, and the inflow
angle, are specified at the inlet. And the Riemann invariant
corresponding to the left running characteristic is extrapolated
from the interior of the inlet boundary. At the exit, the static
pressure is specified, and three other variables are extrapolated
from the interior. No- slip and adiabatic or isothermal condi-
tions are applied at the solid surface. Periodic conditions are
applied to simulate the effect of other blades.

I Irv = -pu, ̂ =
d«, dw, 2 duk\ 2
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dh
—pu'jh' = jjih —, and ju,/2 = —

dXj Prt

The molecular viscosity and conductivity are calculated from
Sutherland's law. All flows computed in this study are air-
flows. The commonly used values for the laminar Prandtl num-
ber Pr = 0.72 and turbulent Prandtl number Prt = 0.9 for air
are used here.

The Wilcox10 k-a) two-equation turbulence model is gov-
erned by the following.

Turbulent kinetic energy equation:

d(pk)
dt dx,

dut d
= Tij -^ - P*pka>
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Specific dissipation rate equation:
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and the eddy viscosity is IJLT = pk/a>. The closure coefficients
are a = 5/9, /3 = 3/40, j3* = 9/100, a = 1/2, and a-* = 1/2.

This k-a) model (henceforth called the original model) pre-
dicts flow transition to turbulence at Reynolds numbers that
are too low. Wilcox10 makes the following modifications to the
model (henceforth called the modified model):

2. Boundary Conditions of the k-co Model
At the wall k = 0. The boundary condition of co is based on

the Wilcox10 suggestion that

0

where

, if ti<25
R /

, if « * 25

k^ - uTkR/v, kR is the average height of sand-grain roughness
elements. In this study, we assume that the surface of the tur-
bine blade is relatively smooth. In other words, the roughness
height is very small. Following Wilcox,10 kR has to be smaller
than 5 to simulate a smooth surface. We use (kR)2 = 1.25 in
these calculations.

At the exit and outer boundaries. The Neumann condition
is used, in which d(f>/dn = 0, n is the unit vector normal to the
outer boundary, and </> represents k or ox

At the inlet. We specify physical quantities of kx and cox.
The £00 quantity can be obtained by converting the freestream
turbulence intensity Qlur from experimental data, i.e., k^/U^ =
l-5<2tur. The a>x can be thought of as an averaged frequency of
the freestream turbulence. However, it is unclear how the
freestream value of a)x should be specified. We assume that
the freestream is a homogeneous and isotropic turbulent field,
the co equation simplifies to

£* a? + ReTIRk

1 + ReTIRk

. 2— = -/**.
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One can find the solution for cox given as

where /3 = 3/40. Therefore, with a suitable time scale LIU^, co
= €(\QUX/L). This is consistent with Menter's suggestion.11

C. Grid System and Solution Procedure
A multizone grid system has been adopted. The grid system

chosen for the two-dimensional turbine blade consists of two
different zones, namely, an inner O grid and an outer H grid.
The inner grid encloses the turbine blade surface and accu-
rately resolves the leading and trailing edges. The inner O grid
is generated using an elliptic grid generator with the condition
that the grid be orthogonal to the blade surface. The outer H
grid is generated algebraically. Note that the H grid is con-
structed with the requirement that the metric coefficients be
continuous across the periodic lines where periodic boundary
conditions are applied.

The viscous effects are confined to the region close to the
blade surface. The flow of the inner O grid zone is solved by
the Navier- Stokes equations, and that of the outer H grid zone
by the Euler equations. The turbulent eddy viscosity of the
Navier -Stokes equation is provided by solving the k-co two-
equation models. The turbulence model equations are uncou-
pled from the mean flow equations during the solution process.
The grid of the outer H grid zone exists concurrently with the
grid of the inner O grid zone. Information transfer from the
inner zone to the outer zone takes place at the inner zone
overlap boundary. Information transfer between the different
zones is effected by proper imposition of interface boundary
conditions. Additional details regarding the implementation of
zonal boundary conditions can be found in Rai.12

III. Numerical Algorithm
The Navier- Stokes equations in the O grid zone, and the

Euler equation in the H grid zone are solved. The governing
equations are cast in the strong conservation form written in
the generalized curvilinear coordinate system. The numerical
procedure used to solve the governing equations is an iterative,
factored, implicit scheme. The method can be outlined as fol-
lows. The governing equations are replaced by a fully implicit
finite difference approximation. Numerical fluxes are evaluated
by the third-order-accurate upwind-biased Osher scheme.13

Central differencing is used to evaluate all diffusion terms. The
resulting system of nonlinear equations is solved by the
Newton -Raphson iteration technique. To solve these equa-
tions at each iteration level, an approximate factorization
method is used. This technique leads to a system of coupled
linear difference equations with narrow block-banded struc-
tures that can be solved efficiently by a LU decomposition
method.

The k-co equations provide the turbulent eddy viscosity to
be used in the Navier- Stokes equations. The numerical pro-
cedure is discussed briefly as follows. The physical quantities
in k-co equations are nondimensionalized and written in a gen-
eralized curvilinear coordinate (£, 17) as
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dr d£ dri \dg d (6)
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where / is the Jacobian of transformation, J = d(x, y)/d(g, 17).
Rearranging terms in Eq. (6) results in the set of equations
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dr d£ drj

The linearization for flux and source terms of the previous
equations results in the set of equations
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Substituting the previous equations into Eq. (7) yields the delta
form of the equations
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Employing the approximate factorization method, Eq. (8)
transforms into the following two equations:
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dFt _ r\xu + rjyv 0
d& ~ L ° ^ +

For flux terms of Eqs. (9) and (10), backward difference is
used if the contravariant velocity U along the £ direction or
the contravariant velocity V along the 17 direction is positive.
Forward difference is used if U or V is negative. The U and
V are defined as

U — V = r\xu +

terns. An asymptotic solution, however, can be obtained by
using the 140 X 51 grid system. The original k-co model and
the modified model for flow transition are both tested. The
computed Cf distributions are revealed to be nearly identical.
This is because the flow is fully turbulent starting at the leading
edge of the plate. We also tested three different values of co,
i.e., 100, 200, and 300. No distinct difference is observed in
the computed Cf distributions. The influence of the freestream
values of co on the Cf is rather weak for the fully turbulent flat
plate flow. Three different values of k&, i.e., 5.0, 2.5, and 1.0
are also employed to investigate their effect on the Q. An
insignificant difference is observed in the computed Cf distri-
butions. This confirmed the Wilcox10 statement in which the
k% value should be less than 5.0 to ensure a smooth surface.

Central difference is used to evaluate diffusion terms. The
k-co transport equations have then been transformed into the
forms of Eqs. (9) and (10). Solving the system of the discre-
tized equations gives the k and a> quantities on each grid point.

IV. Results and Discussion
A. Fully Turbulent Flow past a Flat Plate

The airflow conditions are Ue = 33 m/s, Te = 294 K, Pe =
1 atm, and gtur (turbulence intensity) = 0.25%. There is no
pressure gradient in the flowfield. The experiment was con-
ducted by Wieghardt and Tillmann and the experimental data
are listed in Coles and Hirst.14 The referenced length is taken
as a unit inch. The computation domain is — 20 ^ x < 120
and 0 < y ^ 5. The leading edge of the flat plate is located
at x = 0. The grid is clustered in the x direction near the leading
edge. In the y direction, the grid is clustered, with the first grid
point 10~4 distance away from the wall.

The Navier-Stokes equations and the k-co two-equation
model are solved in the entire domain. The calculations are
performed with an adiabatic wall condition. The inlet free-
stream co is set equal to 100. Three grid systems were tested,
namely 140 X 31, 140 X 41, and 140 X 51. Figure 1 shows
the computed local skin friction coefficient along the plate. The
skin friction coefficient Cf is defined by

Cf= rw/(l/2peU2e) (11)

where rw is the shear stress on the wall; pe and Ue are the
density and velocity at the edge of the boundary layer. It
clearly shows the dependence of the solution on the grid sys-

B. Transitional Flow Simulation on a Flat Plate
The experiment of a transitional airflow over a flat plate was

investigated by Schubauer and Klebanoff.15 The inflow con-
ditions are Ue = 24.3 m/s, Te = 293 K, Pe = 1 atm, and Qtur
(turbulence intensity) = 0.03%. The modified k-co model is
used in the calculation. The computational domain is 0 ̂  x ^
3 m and 0 < y < 0.13 m. The grid system is 101 X 51.
Several values of cox at the inflow are also tested in the com-
putation. Computed results have been tested to be grid inde-
pendent. Figure 2 shows comparisons of the computed skin
friction distributions, Dey and Narasimha's results,16 and the
experimental data.15 It clearly shows that the onset of the tran-
sitional point is well predicted by the k-co model in the case
of inflow cox = 100. It is observed that larger value of the cox
delays the transition and smaller value of cox results in earlier
transition. The proper choice of the cox value has a profound
effect on the predicted location of the transition point. It is
interesting to note that cox = 100 is in the order of lQUe/L,
where L should be the length of the region in the wind tunnel
that produces homogeneous isotropic turbulence prior to the
test section.

Figure 3 shows the production (Re'^r^dUi/dUj) and dissipa-
tion (P*pkco) distributions in turbulent kinetic energy equations
for the case of inflow cox = 100. At the onset of transition, the
laminar flow turns into unstable state. The production and dis-
sipation are almost zero at this stage. While the fluid flows
downstream, both the production and dissipation grow up. The
growing rate of the production is higher than the dissipation
rate during the transition. Eventually, the production and dis-
sipation reach a balance, shown as a solid line in Fig. 3. After
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Fig. 1 Skin friction distributions of the fully turbulent flow on a
flat plate with different grid points.
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Fig. 2 Skin friction distributions of a transitional flow on a flat
plate with freestream turbulence intensity 0.03 %.
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Fig. 3 Production and dissipation distributions in the turbulent
kinetic energy equation.
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Fig. 4 Effect of specific dissipation rate for the predictions of the
onset of transition on the flat plate.

reaching a balance, the transition process is finished. The flow
then becomes fully turbulent.

C. Heat Transfer Prediction on a Flat Plate in Flow Transition
The heat transfer experiment conducted by Blair and Werle17

is simulated by the k~o) model. The air flows over a flat plate
with the freestream condition Ue = 30 m/s, pe = 1.16 kg/m3,
Te = 295 K, and Pe = 1 atm. There is an unheated length of
0.043 m at the leading edge of the flat plate, and a constant
wall heat flux of 540 W/m2 at the rest of the area. The com-
putational domain and grid point are taken as being the same
as the previous case. The computed St distributions are shown
in Figs. 4 and 5. The St is defined as

St = - (12)

where qw is the heat flux per unit area on the flat plate, and
pe, Uet and Te are the density, velocity, and temperature at the
edge of the boundary layer, respectively. The specific heat is
Cp. The adiabatic wall temperature is Taw. Figure 4 presents

St
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Fig. 5 Heat transfer distributions of a transitional flow on a
heated flat plate with turbulence intensity 0.25%.

the results for the case of the freestream Qlur = 1 % with various
values of inflow o)x. It shows that <ox = 100 gave a good
prediction in the heat transfer distributions. It again demon-
strates the evidence of the proper choice for the o>x value.
Figure 5 shows a comparison between the experimental data,
results predicted by the modified k-o> model and those by the
Dey and Narasimha16 for the case of the freestream Qtur =
0.25%. It shows that the model (with inflow co^ = 100) predicts
excellent heat transfer distribution during the flow transition.

D. Pressure Distributions on Turbine Blade Surface
In this section, we focus on the study of the flow over a

two-dimensional turbine blade as shown in Fig. 6. The grid
system consists of an outer H grid along the streamwise di-
rection and an inner O grid wrapped around the blade surface.
The inner region has 101 X 31 number of grid points and the
outer region has a value of 90 X 31. Therefore, there are 73
grid points between the blade passage. The first grid space is
normal to the blade surface with a distance of 10~4 of a refer-
enced length, which makes the y+ < 3. The referenced length
is 2.54 cm. These blades are the first stator of the large-scale
rotating turbine model.18 The inflow conditions are M =
0.0704, Re = 4.2 X 104, based on the referenced length. Pres-
sure coefficient Cp is defined as

Cp = P - P2
P01 - P2

P is the pressure on the blade surface, P01 is the total pressure
at the inlet, and P2 is the static pressure at the exit.

The computed pressure distributions are shown in,Fig. 7.
The solid and dash lines are the predictions of the k-co and
Bald win-Lomax models. Experiment data18 are represented by
the symbols. This figure indicates that the results of both mod-
els are very close to the experimental data. The upper and
lower parts of the closed line represent the pressure coefficients
on the pressure side and the suction side, respectively. On the
pressure side, from the leading edge to the trailing edge, the
flow is accelerated smoothly because of a decrease in Cp in
proper order. Nevertheless, on the suction side, near the lead-
ing edge, Cp drops abruptly. It is followed by a decrease, then
an increase to the trailing edge. Therefore, there is an over-
speed near the leading edge followed by an acceleration to the
throat. The flow then is decelerated smoothly to the trailing
edge.
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Fig. 6 Grid points of the turbine blades.
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Fig. 7 Pressure distributions on the turbine blade.

E. Heat Transfer Distributions on l\irbine Blade Surface
In this section, we focus on the study of the heat transfer

distributions of the turbine blade flow. The St is defined by
Eq. (12) with a replacement of Ta - Tw for Taw - Te in the
denominator, where qw is the heat flux per unit area on the
blade, pe and Ue are the density and relative velocity at the
exit, respectively, Cp is specific heat, Ta is the surface tem-
perature obtained by an adiabatic wall calculation, and Tw is
set to be 0.97;. Note that the defined St is insensitive to the
values specified for the surface temperature Tw.

1. Heat Transfer Predictions Using the Original k-(o Model
The St distributions on the turbine blade surface are shown

in Fig. 8. The solid and dash lines represent the predicted
results of the k-a> and Baldwin-Lomax models, respectively.
The solid and hollow points are the heat transfer distributions
of the experimental data18 based on the turbulence intensity of
9.8% (grid-in case) and 0.5% (grid-out case), respectively. The
current simulation focuses on the case of turbulence intensity
0.5% (i.e., grid-out case). The pressure side is in the area in
which CIBx lies between 0 and —1 and that for the suction
side is between 0 and 1. The leading edge is at the location
where CIBx equals 0, and the trailing edge at CIBx equals 1
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-1.00 -0.50 1.00

Fig. 8 Heat transfer distributions on the turbine blade with the
original k-to model.
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Fig. 9 Heat transfer distributions on the turbine blade with the
modified k-to model.10

or — 1. On the pressure side, the computed results of the k-a)
and Bald win-Lomax models are close to the experimental
data for the grid-in case. However, on the suction side, there
are some disparities between the experimental data and the
results. Both the k-co and Baldwin—Lomax models predict that,
on the suction side, the flowfield becomes fully turbulent while
the fluid flows into the blade. On the pressure side, the flow
is still in a laminar state initially, then transition occurs while
CIBx approximate —0.1, followed by the fully turbulent state.
For the grid-out experiment data, the flow is laminar on the
pressure side, and the flow is still laminar on the suction side
initially. Then transition occurs while CIBx is close to 0.7.
Hence, the original k-o) model, without low Re modifications,
predicts the onset of the transition much too early. We also
compute the heat transfer coefficients based on the laminar
flow condition of the turbine blade. The computed results are
very close to the grid-out experimental data, excluding the sec-
tion of the transition on the suction side.

2. Heat Transfer Predictions Using the Modified k-a) Model
The computed results are shown in Fig. 9. The results in-

dicated that the flow is laminar initially on the suction side.
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Then transition occurs while CIBx is close to 0.08, followed
by fully turbulent state. On the pressure side, the flowfield is
laminar while the fluid flows into the blade. Then transition
occurs as CIBx approximates —0.2. Consequently, the modified
k-co model also predicts the onset of the transition much too
early. However, the results have improved slightly in compar-
ison with the predictions of the original k-co model.

The Wilcox10 modifications of the k-co model are in accor-
dance with the transition for the flat plate flows. Therefore it
is necessary to modify the k-co model further to apply the
model to flows with surface curvature effects. Because the on-
set of transition depends on the value of /3*/a*, revising the
value of a* may delay the transition and ameliorate the prob-
lem of early occurrence of transition. In Fig. 10, the transition
has been delayed gradually, while a$ = 1/40 and Rk varies
from 15 to 18. As Rk = 16.5, the revised model can almost
predict the transition correctly. To demonstrate the applicabil-
ity of the model, the high-turbulence intensity case (grid-in
case with Qiur - 9.8%) is computed by using the revised model
constants. The computed St distribution is also plotted in Fig.
10. In general, the model produces acceptable solutions within
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Fig. 10 Heat transfer distributions on the turbine blade revising
the value of Rk.
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Fig. 11 Heat transfer distributions on the turbine blade with the
management of specification the onset of transition.

engineering accuracy for both low- and high-tubulence inten-
sity transitional turbine blade heat transfer problems.

3. Heat Transfer Predictions If the Location of Transition Point
Is Specified

For the grid-out experiment case, the flow is laminar on the
pressure side. The flow is laminar initially on the suction side,
then transition occurs and ends as CIBx is close to 0.7 and 0.8,
respectively. Hence, for the eddy viscosity, we make the man-
agement as follows:

Mtotal = Mlaminar + J^T

The section of laminar flow on pressure and suction sides
(-1 < CIBX < 0.7): Let

Hence

tal = Mlaminar

The section of transition process on the suction side (0.7 <
C/BX < 0.8): Let

Hence

y = sin[(jc - jc,)/Ajc](7r/2)

H-total = ^laminar + Sm[(.X ~ X

where x\ and x2 are the locations of the onset and endpoints
of the transition process, AJC = x2 — x{. This description is
analogous to Narasimha's intermittency concept.16

The section of fully turbulence on the suction side (0.8 <
C/BJ: Let

Hence

H-total =

In Fig. 11 the predictions of heat transfer are very close to
the experiment data by means of the management made pre-
viously. The major disadvantage of this management is that it
is required to specify the onset and endpoints of the transition
process in advance.

V. Conclusions
This study presents computations using k-co models for fully

turbulent flat plate flow, transitional flat plate flows, and tran-
sitional turbine blade flows. For fully turbulent flat plate flow,
the k-co model predicts well the skin friction distributions. The
effect of freestream co^ has nearly no effect on the skin friction
distributions. For the transitional flat plate flows, the k-co model
predicts well the onset point of the transition with a proper
value of co^. The values may be specified as 0(10/7X/L). Larger
values of co^ may delay the onset point of the transition.

For the pressure distribution on turbine blade, the results of
k-co and Baldwin-Lomax models are very close to the exper-
iment data. The k-co model could predict accurately the pres-
sure distributions on turbine blade. For the heat transfer dis-
tributions, on the pressure side, the results of the original k-co
and Baldwin-Lomax models are close to the experimental
data. However, on the suction side, the original k-co and
Baldwin-Lomax models predict the onset of the transition
much too early in comparison with the experimental data. The
modified k-co model also predicts the onset of the transition
too early, but the results have improved slightly in comparison
with the predictions of the original k-co model. For the turbine
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blade flow, it is necessary to take into account the surface
curvature effect on a* and revise the value of a* to delay the
transition and accurately predict the onset point of the transi-
tion. This fact has been successfully demonstrated for both
low- and high-turbulence intensity transitional flows. The man-
agement for the specification of the onset point of the transition
could predict heat transfer distributions on turbine blade ac-
curately. The limitation of the management for engineering
analysis is that it is difficult to specify the onset and endpoints
of the transition process, except those flows known from ex-
periments.
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